INTRODUCTION
Recently the study of finite permutation groups of rank 3 has received much attention. No doubt this is due to the fact that the new simple groups of Higman and Sims, McLaughlin, and Suzuki were constructed as rank 3 extensions of known permutation groups. Rank 3 extensions of multiply transitive groups have also been carefully studied. Tsuzuki [ 1 l] studied rank 3 extensions of S, , the symmetric group on n letters. Montague [S] classified the rank 3 extensions of PSI.,(q), PSU,(q), Sz(q), Ii(q), and A, . This paper is concerned with the rank 3 extensions of Frobenius groups. The analogous problem for doubly transitive groups is the classification of all transitive extensions of Frobenius groups, or equivalently the determination of all Zassenhaus groups which are not sharply doubly transitive. The problem for rank 3 groups is much easier than the classification of Zassenhaus groups, This is due to the fact that only a small number of groups occur. The main result of this paper is the following theorem. Let G be a primitive permutation group of rank 3 on a finite set 9. For A E 9 let {A}, I(A), and J(A) denote the three orbits of GA . Assume that G has even order and GA acts faithfully on I(A) as a Frobenius group. Then G satisjes one of the following.
(1) G is isomorphic to A5 acting on the unordered pairs of { 1, 2, 3, 4, 5).
(2) G is solvable and has a regular normal subgroup N of order 16. G, acts on N like Sx(2), the degenerate Suzuki group, or like the Frobenius group of order 36.
The method of proof of this result is to find the values of certain parameters. The resulting values must be considered one at a time in order to determine which groups actually occur. The parameter conditions come from counting 279 involutions in G and from the standard conditions on the graph of a rank 3 permutation group. These conditions are listed in the next section. We remark that in view of the Feit-Thompson Theorem [2], the assumption that / G j is even is not very restrictive. Also, the assumption that GA acts faithfully on I(A) rules out only one group, S, acting on the unordered pairs of {I, 2, 3, 4, 5) . (See [IO] f or a proof.) All sets and groups considered in this paper are finite.
NOTATION, PARAMETERS, AND INVOLUTIONS
Let 9' be a nonempty set. Denote the points of 9 by capital letters A, B, C, D, and E, subscripted if necessary. Let G be a group which acts on 9 on the right as a transitive permutation group. (All group actions will be right actions.) G has a natural action on 9 x 9 given by (A, B)g = (Ag, Bg), for A, B E 9? and g E G. The number of G-orbits of '9 x B is called the rank of G as a group acting on 8. We are concerned with the case in which G has rank 3. Then in addition to the diagonal orbit {(A, A) 1 A E S}, there are two other G-orbits of '9 x 9, denoted by I and J. For A E 99 let I(A) = {B E 99 1 (A, B) ~1) and J(A) = {C E $9 ) (A, C) E J}. Then {A}, I(A), and J(A) are the three orbits of GA acting on 9.
It is possible to associate a graph with the action of G on 99. The point set of this graph is just 9'. The edge set is the orbit I. 9 = g1 will also denote this graph. Since G has even order, the orbit I is self-paired, and so 99 is undirected.
(See [5] .) G acts on 9 as a group of collineations of 9 which is transitive on the set of edges and the set of nonedges of 9. Consequently, 9 has a great deal of symmetry. In particular, 9 has the following properties.
1.1 (1) 9 is regular, i.e., the number of points adjacent to a fixed point of 9 is constant.
(2) Y is strong. This means that the number of points adjacent to each of two distinct points A and B in B depends only on whether or not A and B are adjacent.
These two properties show that the following parameters are well-defined and have a geometric interpretation in the graph. These parameters are not completely independent. The following relations are satisfied.
1.2 (1) n = 1 + ;+j (2) i(i -X -1) = pj
The second relation comes from enumerating the set {(B, C) j B E I(A) and C E J(A) n I(B)) in two ways. Valuable information about the parameters of 99 comes from a computation of the eigenvalues of the adjacency matrix of % and their multiplicities.
1.3 d=(h--)2+4(i---)isasquare,orelseX=p-landi=j=2p. The degrees of the two nontrivial constituents of the permutation character of G are h = [(X -p + d112)(n -1) + 2i]/2d1/2 and k = n -h -1. In particular h and K are integers.
A proof of 1.3 is contained in D. G. Higman's work on rank 3 permutation groups [5] . Also found in [5] is a proof of the following simple result.
1. 4 The following are equivalent.
(1) G is primitive.
(2) $9 and its complementary graph are connected.
If x is an element of G, let K(x) denote the conjugacy class of G which contains x. Computation of j K(x)\, especially when x is an involution, leads to additional information about the parameters of G. The best known way of computing 1 K(x)1 is the formula / K(x)1 = G : Cc(x). Another way of computing ( K(x)\ occurs in a paper of Montague [8] . Suppose G is a transitive permutation group on a set 9. Let y be an eIement in G. Consider the set S = {(B, z) ( z E K(y) and Bz = B). Since G is transitive, the number c of conjugates of y which fix B is independent of the point B. Similarly, the number f of fixed points of z is independent of x E K(y). Consequently, j 9 1 c = ( S ( = 1 K(y)\f. If y = x is an involution which fixes at least one point, then ) K(x)/ is given by:
Finally we show how 1 K(x)1 can be computed according to the double cosets of a subgroup H < G. Again suppose that G is a transitive permutation group on a set 9. Choose A E 9, and let H = G, . Let 1r , 1z ,..., 1, be the nontrivial orbits of G, . in HyT, where h E H and t E T. Then Ahythyt = A. But h and t E GA implies Ayth = Ay, or Bth = B. Thus, th fixes both A and B and so is contained in R. Also, yth = h-l(hyt)h is an involution.
Since y itself is an involution, y must invert th.
Together these two remarks imply that the set of involutions in HyH equals {hyt 1 h E H, t E T, and th E R is inverted by y}. For an element z E R, there are exactly 1 T / = H : R elements hyt with h E Hand t E T such that th = z (i.e., for t E T let h = t-?z). 
THE CASE 1 M 1 EVEN
In this section we show that there are no groups G with 1 M j even. Suppose that Ml has odd order. Then an involution in H fixes exactly one point. Since M is nilpotent of even order, M has exactly one Sylow 2-subgroup S, which is normal in H. Hence, the Sylow 2-subgroups of G are independent. A result of Suzuki implies that G acts doubly transitively on the cosets of NG(S). (See Bender [l], Proposition 2.3, for a short proof of this result.) But No(S) = H since H is a maximal subgroup of G. Since G does not act doubly transitively on the cosets of H, Ml has even order. In particular Ml # 1.
Ml contains no nontrivial normal subgroup of H.
Proof. Suppose P < Ml is a normal subgroup of H. Since Ml &es C and P is normal in H, P fixes every element of I(A). Since G is primitive, there are points D # E in J(A) such that D ET(E). Then P < Go,, , which is conjugate to GA,s = Q. Since 1 Q I and j Ml 1 are relatively prime, P must be the identity.
This result implies that M is a Hall subgroup of G. For suppose p is a prime divisor of m. O,(M), the Sylowp-subgroup of H, is not contained in Ml by 2.1. Hence, p divides m/ml , and n = 1 + m + (mq/mlql) is congruent to 1 modulo p. Proof. The idea of the proof is to show that G contains a normal, simple subgroup Ga which has a self-centralization system of type 2. Then exceptional character theory can be applied to give the desired result. Consequently, NG(X) < Gf,,,) = No(Q). Let V = Co(x) and K = {y-ly"\yEQ}.ThenKV=Q,KnV== 1, and K consists of the elements of Q which are inverted by x. (See [3] , page 341.) K n Q', V n Q', K n S, and V n S are each Hall subgroups of Q. Moreover, K = (K n Q')(K n S) is a subgroup of Q. Now No( V n S) = N,( V n S)(x) = N,,( V n S)S(x) < C,( I/ n S). Since I' n S is a Hall subgroup of G, Burnside's Transfer Theorem implies that V n S has a normal complement Gi in G. Gi n Q = (V n Q')K. V n Q' centralizes K since I' n Q' and K are each normal in Q.
NG(Ml) acts doubly transitively on F(M,
Thus, the normalizer of I/ n Q' in Gr equals (G1 n Q)(x) < C,(V n Q').
Another application of Burnside's Transfer Theorem yields a normal complement G, for I' in G. Thus, Q is a self-centralization system of type 2 in the simple group G. A result from exceptional character theory (see [7] , page 16) now implies that G has one class of involutions.
Since O,(M) is a Sylow 2-subgroup of G, Burnside's Fusion Theorem (see [3] 
THE CASE m ODD AND Ml + 1
In this section we show that there is only one group with m odd and Ml # 1. The group is solvable and has order 16 x 36. The method of proof is to study the action of N,(M,) on the set F of fixed points of Ml and apply the resulting information to estimate the parameters of G.
By hypothesis I G / = (1 + i + j) I H ( is even. Thus, either 1 H ( is even or else 1 + i + j is even. In the latter case i or j is even. Since i and j divide ) H /, I H 1 = 1 M I / Q 1 is even in either case. Hence, Q has even order and so contains a unique involution x. M is abelian since x inverts M.
Let N = N,(M,), and for X < N let 1 denote the image of X acting on the fixed points of Ml . The proof of 2.2 shows that N acts doubly transitively on F. Clearly, b > 3, whence 2/(b -1) < 1. Hence, 2m, + 4 < 4q, or equivalently m = 3m, < 6q -6.
Suppose 6, = m, . Then the involution equation implies m -1 + q = (2 + q/2)(bo + q/2)* s ince m < 6q -6, it follows that (2 + q/2)@, + q/2) 6 7q -7. In particular (2 + q/2) q/2 < 7q -7, and so q < 24 -28/q. This , and 9. Since there is exactly one conjugacy class of such Frobenius groups of order 36 in G&(2), G is determined up to permutation equivalence. A similar analysis can be applied to the case 6, = m, + 1. There are no solutions to all of the parameter equations, and so no groups occur in this case. 4 . THE CASE m ODD AND R < Q In this section we show that A, and a solvable group of order 320 are the only groups in which m is odd and R < Q. The proof amounts to examining the solutions to the involution equation. Unfortunately, a great deal of computation is necessary. j I(A) n I(B)/ = h is divisible by q since Q = GA,e acts semiregularly on I(A) n I(B). The primitivity of G implies h < m -1 and so h = 0. For the remainder of the analysis we assume x E R. Then x E Z(Q) implies that x fixes each point of the block which x stabilizes. Thus, 1 F(x)1 = t + 2.
Since H has only one class of involutions, C,(X) acts transitively on F(x). Co(x), = C,(x) = Q fixes A and B and acts transitively onF(x) -{A, B} = W n J(A). H ence, {A, B} is an imprimitive block for C,(X) acting on F(x), and we have the following result.
4.2 (1) 2 divides t.
(2) C,(X) acts doubly transitively on the set F of C,(x) images of {A, B}.
Since x fixes t + 2 points and has m conjugates in H, the involution equation applied to x yields: nm/(t + 2) = m + mb, + mtb, m -1 = [(t + 2)/P + l)l(b, + t&d f [(t + 2)l(t + 111 2q
Note that the second equation implies that t + 2 divides m -1. Since 4 divides m -1 and t > 1, the only possibilities are m -1 = q or 2q.
4.3 Suppose z is an involution acting on a group G. If z inverts more that (3/4) 1 G / elements of G, then G is abelian and z inverts G.
Proof. Let K = {y E G 1 y" = y-l}. Suppose g, h, and gh are contained in K. Then h-lg-l = (gh)-1 = (gh)" = g"hZ = g-lh-1, whence g and h commute.
It follows that the group generated by K n Kg centralizes g.
Since I K ( > (3/4) I G 1, / K n Kg / > (l/2) 1 G j, and so K n Kg generates G. Thus, K < Z(G). The only possibility is that K = G is an abelian group which is inverted by z. The idea now is to solve the above equation for t. We will show: 4.5 t E T = {2, 4, 6, 8, 10, 12, 14, 16, 18, 22, 28, 34, 38, 46, 82) Suppose Q is isomorphic to the multiplicative group of one of the 7 exceptional near-fields (See [4] , page 391). F rom a knowledge of the subgroups of S,?&(5) and the fact that both t and t + 2 divide m -1 = 4, it follows that t < 12. Hence, t E T. For the remainder of this analysis we assume that Q is isomorphic to the multiplicative group of a nonexceptional near-field. A Sylow 2-subgroup S of Q is cyclic or generalized quaternion. In either case Q has a normal 2-complement.
In addition, if S is generalized quaternion, then Q has a normal subgroup of index 2 which is the direct product of O(Q) and a cyclic 2-group. (See [4] , page 390.) R also has these properties, and the following analysis applies to R as well as Q.
Recall that b, is just the number of involutions in zQ n K(x), where z is a conjugate of x which interchanges A and B. In particular bo is the number of involutions in some union of Q-classes of involutions in xQ. We show that all numbers of this form can be written as (1/2)[(l/a) + (l/b)] 1 Q I, where a and b are positive integers. Since Q has an odd number of Sylow 2-subgroups, we can assume that z normalizes S. If y E O(Q) and zy is an involution, then zy is O(Q)-conjugate to z by Sylow's Theorem. Hence, we are really interested in the S-classes of involutions in xS.
Suppose S = (y, w / y2 = w2'(-', WY = w-l), k > 1, is generalized quaternion. Table 1 below lists the possible actions of z on S (with respect to appropriate choices of y and w) and the resulting Q-classes of involutions in zQ. Let c = 2k-1, and for g EQ(z) let K, = (h E O(Q) 1 hg = h-l}. x denotes the unique involution in Q.
Suppose S = (u) is a cyclic group of order 2". Table 2 lists the possible actions of x on S and the resulting Q-classes of involutions in zQ. Again let c z 2"-1. Proof.
The possible values oft must be examined one at a time. We use the facts: /* = (m -1)/t, d = (X -P.)~ + 4(i -CL) is a square, t + 2 divides m -1 unless t = 2, and h = [(h -TV + d112)(n -1) + 2i]/2d11z is an integer. Also, since M is abelian and has at most 2 Q-classes of nonidentity elements, n/r is elementary abelian. In particular m is a prime power. Suppose t = 2. A simple computation yields h = 4(2~ + l)/(p + 2). Hence, p + 2 divides 12, and p = 1, 2, 4, or 10. p = 10 is impossible since then m = 2~ + 1 = 21 is not a prime power.
Suppose t > 2. Since d = p2 + 4(t -l),~ + 4 is a square, there is an integer b such that p2 + 4(t -1)~ + 4 = (p + b + 2)2. Then 4(t -2)~ = 2bp + b2 + 4b, and so b = 2c is even. Since t -2 # 0, p = (cz + 2c)/(t -2 -c). order 360 or 720. The only possibility is that u has a normal subgroup of index at most 2 which acts like PSL, (9) . But PSL,(9) has elementary abelian Sylow 3-subgroups, whereas a has cyclic Sylow 3-subgroups. This contradiction shows that no groups occur in this case. 
